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Geometric Bell-like inequalities for steering
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Institute of Theoretical Physics and Astrophysics, University of Gdan´sk, 80-952 Gdan´sk, Poland
Many of the standard Bell inequalities (e.g., CHSH) are not effective for detection of quantum
correlations which allow for steering, because for a wide range of such correlations they are not
violated. We present Bell-like inequalities which have lower bounds for non-steering correlations
than for local causal models. The inequalities involve all possible measurement settings at each
side. We arrive at interesting and elegant conditions for steerability of arbitrary two-qubit states.
I. INTRODUCTION
The concept of steering was introduced by Schro¨dinger
[1] in 1935. Recently the issue was revisited in many pa-
pers. Wiseman et al [2] show that quantum steering is
a notion of non-classicality which is placed between en-
tanglement and violation of Bell inequality. There are
only few steering inequalities known. For example, lin-
ear steering inequality [3, 4], steering inequality due to
an “All-Versus-Nothing” argument [5] , steering inequal-
ity from uncertainty principle [6], and fine-grained uncer-
tainty relation [7]. In this work we address the problem of
relation of Bell inequalities with steering. We show that
some of the standard inequalities, like the CHSH ones [8],
detect steering only when it is associated with violation
of their bound for local realistic (local causal) theories.
Thus they cannot detect steering property of states which
allow steering but do not violate local realism (see e.g.
Ref. [2]; such a class in non-empty, and as a matter of
fact it forms a subset of entangled states of a consid-
erable “volume”). However, we find here a class of Bell
inequalities which are capable to detect steering property
for states which do not violate their local causal/realistic
bound. This is done by showing that for states which be-
long to a non-steering class one can derive a new bound
for the expression forming the inequality, which is lower
than the bound for the local causal theories. As a result,
we introduce a steering inequality which is inspired by
geometric Bell inequalities considered in [9–11].
A. Steering
We give a short introduction to quantum steering. The
main idea of steering can be formulated in the follow-
ing way. Imagine two communicating partners Alice and
Bob who supposedly share an entangled state. If this
is so, and the entangled state belongs to the class al-
lowing steering, Alice, when asked by Bob to perform a
measurement of his choice, and to report her outcome,
can produce a family of states on Bob’s side, in a way
which cannot be reproduced by her sending him par-
ticles (before he asks her to do the measurements), in
various states, which are not entangled with a quantum
system in her lab. Note, that not all entangled states
allow steering, [2], and that every state which violates a
Bell inequality allows steering (this will be evident after
reading the next subsections).
Imagine Alice and Bob share an ensemble of identical
quantum states. The subsystems of Alice will be denoted
by 1, while Bob’s by 2. A state ̺(12) of a pair of subsys-
tems does not allow steering by Alice of Bob’s states if
one can write the states of Bob as
̺
(2)
a|x =
∑
λ
pλP (a|x, λ)̺(2)λ , (1)
where x is the measurement (supposedly performed) by
Alice for which Bob asked, whereas a her declared result.
The parameter λ is just an index, of whatever form, even
a continuous variable, or set of them, which parametrizes
the states sent by Alice. The symbols P (a|x, λ) and pλ
stand for probabilities (one has
∑
λ pλ = 1), whereas
̺
(2)
λ is some state of the particle received by Bob form
Alice (often called “hidden state”). Note that P (a|x, λ)
can be treated as some realization of a hidden variable
model, namely a probability distribution of measurement
outcomes a under settings x for a hidden variable value
given by λ, with the probability of the hidden variables
given by pλ. The structure of the state in Eq. (1) allows
one to consider all kinds of hidden variable models on
Alice’s side, but in Bob’s side the description is restricted
to hidden local quantum states. If such a combination
of “local hidden variable (LHV) and local hidden state”
(LHS) models (1) can be constructed, then the state is
not steerable. If a model of type (1) for ̺
(2)
a|x does not
exist for Bob’s states, then Alice can steer his states.
Let’s say Alice and Bob share a quantum state ̺(12)
which allows steering and Alice’s (generalized) measure-
ment operators areM
(1)
a|x, where a is an outcome for mea-
surements defined by the setting x. If outcome a hap-
pens, the state of Bob’s system spontaneously collapses
to N̺
(2)
a|x, where N is a normalization factor, and
̺
(2)
a|x = tr(1)(̺
(12)M
(1)
a|x ⊗ I(2)). (2)
In other words, measurements in Alice’s side lead to a
set of states of Bob’s systems which can be modeled only
by the quantum formula (4).
To test if Alice really can steer the state, Bob may
ask her to make some (generalized) measurements of ar-
bitrary kind of his choice, and to report her outcomes.
After many repetitions, when big enough ensembles are
2formed for given measurements on Alice’s side and spe-
cific results, by a local state tomography Bob can check if
the states are indeed ̺
(2)
a|x, and then check by some meth-
ods if they are obtainable only via steering by Alice. One
of such methods will be suggested in this article.
B. Bell inequalities vs steering
Let us describe, from the point of view of mathemati-
cal formalism, the relation between Bell inequalities and
the problem of steering [2–6, 12]. This will be presented
here for qubit systems, as our results will applicable to
such systems, and for von Neumann type measurements.
This allows us to parametrize the local settings by Bloch
vectors.
• Bell inequalities hold for local causal models, for
which, in the case of two particles (here for simplic-
ity qubits), the correlations, in terms of joint prob-
abilities of two pairs of local results P (r1, r2|~a,~b),
can be described by :
P (r1, r2|~a,~b)LHV =
∫
pλP (r1|~a, λ)P (r2|~b, λ)dλ, (3)
where r1, r2 are local results, λ is a cause (essen-
tially, a hidden variable) and ~a and ~b denote local
settings of the measuring devices. P (r1|~a, λ) and
P (r2|~b, λ) are some (classical) probabilities.
• The steering property can be defined as the non-
existence of the following model of correlations
P (r1, r2|~a,~b)NS =
∫
pλP (r1|~a, λ)Tr[πˆ(r2|~b)̺(2)λ ]dλ, (4)
where πˆ(r2|~b) is the projection operator for an ob-
servable parametrized by the setting ~b, which is as-
sociated with the eigenvalue r2(the result), and ̺
(2)
λ
is some pure state of Bob’s system 2, parametrized
by some set of parameters λ. One can alterna-
tively call correlations describable by (4) as allow-
ing a hidden state description. Note that the model
(4) is a special case of (3), in which the probabil-
ity P (r2|~b, λ) is replaced by the quantum formula
Tr[πˆ(r2|~b)̺(2)λ ].
In the case of models (4) one does not put any re-
strictions on the form of P (r1|~a, λ), other than the ones
assumed for the case of (3), but on Bob’s side projective
measurements on quantum states are assumed. A two
system state is non steerable when the local measure-
ment statistics can be described by a local hidden vari-
able model on one side (Alice) and local hidden states on
the other side (Bob) (4).
If we have a violation of Bell inequality, then definitely
the quantum state giving the correlations allows steering.
However, in many cases we find that the given state does
not violate well known Bell inequalities and still allows
steering. This is because the non-steerable correlations
can be thought of as described by a restricted local hidden
model which on one side allows only probabilities which
are allowed by quantum formalism applied to a single
particle. Compare (3) and (4).
The famous CHSH inequality [8] fails to distinguish
between models (3) and (4). If we try to re-derive it
for non-steering correlations, given by (4), we get the
following basic algebraic relation
I1(~a1, ~λ)[~b1 · ~λ+~b2 · ~λ] + I1(~a2, ~λ)[~b1 · ~λ−~b2 · ~λ], (5)
where from now on ~λ represents a Bloch vector of a single
qubit state ̺
(2)
~λ
, I1(~a,~λ) = P (+1|~a,~λ)−P (−1|~a,~λ), etc.,
and finally
~b · ~λ = Tr[~b · ~σ(2)̺(2)~λ ], (6)
where in turn ~σ(2) is Pauli vector, while ~bi and ~aj de-
note the vectors defining the settings. Note that expres-
sions (6) replace in (5) the usual I2(~b, ~λ) = P (+1|~b, ~λ)−
P (−1|~b, ~λ) for the case of local hidden variables. Unfortu-
nately the maximum of this algebraic relation, BNS , is 2,
just as in the case of local hidden variables (BLHV = 2).
Thus, if we replace in the algebraic expression of CHSH
the local causal models by a model involving quantum
correlations without the steering property, what leads to
(5), the upper bound of this expression BNS , remains the
same as for local causal theories, BLHV = BNS . Due to
this fact, CHSH inequalities cannot detect steering which
does not violate local realism (all that for the specific
CHSH scenario of two-settings per observer).
We shall show that, if one uses non-standard Bell in-
equalities of Refs. [9, 10], involving all possible set-
tings on both sides of the testing experiment, their
bound BNS for non-steering quantum correlations (4)
is lower than their bound BLHV for local causal cor-
relations (3). This means the following: we shall have
a functional expression L[E] of values in real numbers,
which depends linearly on correlation functions E(~a,~b) =∑
r1,r2=±1 r1r2P (r1, r2|~a,~b). If the correlation functions
ELHV allow local hidden variable models, (3), one can
find that one always has
L[ELHV ] ≤ BLHV . (7)
The numberBLHV is the bound of a Bell inequality based
on the functional L[E]. The value of BLHV , for the spe-
cific L[E] to be studied in the next Section, was derived in
[10]. One can also find in [10] that this bound is violated
by specific quantum predictions. Thus the inequalities
are “relevant”. We shall show here that, if one restricts
the models to the ones of the non-steering class (4), one
has
L[ENS ] ≤ BNS < BLHV . (8)
3Thus, the new inequality, L[ENS ] ≤ BNS , can detect
steering property in quantum correlations which do not
violate inequalities of the same kind for the Bell problem.
C. Geometric approach leading to inequalities of
Ref. [10]
The approach [9–11] is based on the trivial fact that if
one has two (real) vectors v and w, then, if (v, w) < ||w||2,
one has v 6= w. In simple words, if a scalar product of
two vectors is less than the squared norm of one of them
then they cannot be equal.
Following this idea for two qubit correlations, we
shall compare the quantum correlation function EQ(~a,~b),
which is always precisely defined for the given observables
and the given quantum state (and thus is treated here
a known function) with the generic correlation function
for non-steerable states, of which it is only known that,
by (4), in general it must have the following structure
ENS(~a,~b) =
∫
p~λIA(~a,
~λ)~b ·~λd~λ. Here p~λ severs the same
role as pλ in Eq. (4). Note that if ̺λ in (4) are replaced
by qubit states, then they can indexed by their Bloch
vectors, ~λ.
The scalar product can be defined as
(ENS , EQ) =
∫ ∫
ENS(~a,~b)EQ(~a,~b)dΩ(~a)dΩ(~b) (9)
(the integrations are over the Bloch spheres). It can be
shown that, when treatingEQ as fixed, the scalar product
has an upper bound, BNS . That is for any ENS(~a,~b). one
has
L(ENS) = (ENS , EQ) ≤ BNS . (10)
Note that this has a formal structure of a Bell (like) in-
equality with function EQ(~a,~b) giving a (fixed, known)
continuous set of coefficients. We show that, for a wide
range of states which do not violate the CHSH inequality
or the inequality based on the same geometric concepts
but applied to local causal models [10], one has
BNS <
∫ ∫
E2Q(~a,
~b)dΩ(~a)dΩ(~b) = ||EQ||2 = L(EQ),
(11)
which means that they do not have a hidden state de-
scription, i.e. they allow steering. From relation (10)
can derive a concise sufficient condition, which allows us
tell that a quantum state allow steering (see below).
II. DERIVATION OF THE STEERING
INEQUALITIES
We shall first give definitions of notions which will be
used in the derivation. Next we shall move to the con-
struction of the Bell-like inequality which is a necessary
condition for the non-steering case.
A. Correlation function for two-qubit states
Suppose Alice performs a projective measurement ~m ·
~σ(1), where ~σ(1) is her vector built out of Pauli matri-
ces, and ~m represents the unit Bloch vector defining her
measurement direction. The possible results are of course
±1. Similarly Bob performs projective measurements of
~n · ~σ(2). The quantum correlation function is given by
EQ(~m,~n) = Tr(~m · ~σ(1) ⊗ ~n · ~σ(2)̺(12)), (12)
where ̺(12) represents the two-qubit state.
An arbitrary density operator for two qubits can be
written as
̺(12) =
1
4
3∑
µ1,µ2=0
Tµ1µ2σ
(1)
µ1
⊗ σ(2)µ2 , (13)
where σ
(k)
µn for µn = i = 1, 2, 3, are the Pauli ma-
trices forming the aforementioned vectors for observers
k = 1, 2, and σ
(k)
0 = 1 . The components Tµ1µ2 are real
and given by Tµ1µ2 = Tr[̺
(12)(σ
(1)
µ1 ⊗ σ(2)µ2 )]. By equa-
tion (12), the correlation function between measurement
outcomes on Alice and Bob’s side reads
EQ(~m,~n) =
3∑
i,j=1
Tijminj , (14)
where mi, and nj are Cartesian components of the Bloch
vectors defining measurement directions. The set Tij for
i, j = 1, 2, 3 forms what is often called the correlation
tensor (or matrix) of the state ̺(12).
B. Correlation function model for states which do
not allow steering
If there is a LHS model describing the correlation func-
tion (12), then it has the following structure
ENS(~m,~n) =
∑
λ
pλI1(~m, λ)Q(~n, λ), (15)
where I1(~m, λ) = P (1|~m, λ)−P (−1|~m, λ) and Q(~n, λ) =
Tr(~n · ~σ(2)̺(2)λ ). Obviously, as mixed states are proba-
bilistic convex combinations of pure states, without any
loss of generality, one can demand in the construction
of model that all density operators ̺
(2)
λ represent pure
states. This will be followed below.
C. A geometric criterion for quantum steering
Our geometric criterion boils down to the following.
If the correlation function EQ for the given state ̺
(12),
calculated according to quantum rules with formula (12),
has the following property: for any ENS one has
||EQ||2 > (EQ, ENS), (16)
4then EQ cannot be described by a local hidden state
model (4), i.e, ̺(12) allows steering (from Alice to Bob).
Of course to establish such a fact one must find BNS
which is given by
BNS = MaxENS(EQ, ENS). (17)
In this way we get an effective (state dependent) steering
inequality
(EQ, ENS) ≤ BNS , (18)
which when violated points that the given state allows
steering. This means that, if one replaces in it ENS by
EQ, and the resulting value (EQ, EQ) exceeds the bound
BNS , the correlations EQ allow steering. Note further,
that one can also treat EQ in (18) as just a continuous
set of coefficients in a linear (functional) inequality, and
test some different quantum correlation function Eq, de-
fined for some quantum state ̺
(12)
q , also by replacing by
it in the inequality the non-steering functions ENS . This
would give (EQ, Eq), and if one has (EQ, Eq) > BNS ,
that is the inequality is violated, then correlations de-
scribed by Eq also allow steering.
One can choose among infinitely many definitions of
the scalar product. Here we consider the simplest one.
Namely, if we denote the Bloch spheres of local mea-
surement setting of Alice (and Bob) by Ω, the natural
Hilbert space in which we consider our correlation func-
tions is the real space L2(Ω × Ω), with a scalar product
for two functions f(~m,~n) and g(~m,~n) given by
(f, g) =
∫
Ω×Ω
f(~m,~n)g(~m,~n)dΩ(~m)dΩ(~n), (19)
where this integration measures are the usual (rotation-
ally invariant, “Haar”) measures on the spheres (in sim-
ple words, integrations over a solid angle).
We have following theorem:
Theorem 1. If a state endowed with correlation function
EQ(~m,~n) =
∑3
i,j=1 Tijminj is non-steerable, then
Max~m,~nE(~m,~n) ≥ 2
3
3∑
i,j=1
T 2ij . (20)
Proof. Let us use spherical coordinates to express the vec-
tors, e.g. for ~n we put (sin θn cosφn, sin θn sinφn, cos θn).
Then according to equation (15) and (14), the right hand
of (16) is
∑
~λ
p~λ
∫
Ω×Ω
IA(~m,~λ)(~m · T~n)(~n · ~λ)dΩ(~m)dΩ(~n), (21)
where the vector ~λ is the Bloch vector corresponding
to a pure state [13] and dΩ(~n) is a rotationally invari-
ant measure on Bloch sphere of unit radius, namely
sin θndθndφn. The functions nk(θn, φn) which give the
components k = 1, 2, 3 of ~n in spherical coordinates obey
the following orthogonality relation∫
Ω
nk(θn, φn)nl(θn, φn)dΩ(~n) =
4π
3
δkl. (22)
Thus, ∫
Ω
(~m · T~n)(~n · ~λ)dΩ(~n) = 4π
3
(~m · T~λ), (23)
and (21) can be written as
4π
3
∑
~λ
p~λ
∫
Ω
IA(~m, λ)(~m · T~λ)dΩ(~m). (24)
T is a 3 × 3 real matrix. Let Σ be its singular value
decomposition (i.e. Schmidt decomposition). One has
T = UTΣV, where U and V are specific 3× 3 orthogonal
matrices representing rotations (proper and improper)
of the local coordinates of Alice and Bob, respectively.
The matrix Σ is diagonal, with diagonal entries which
we denote as (T1, T2, T3), and customarily one assumes
that T1 ≥ T2 ≥ T3 ≥ 0. Thus in matrix notation, with
Bloch vectors treated as column matrices
~m · T~λ = (U ~m)TΣV ~λ. (25)
It is important to remember that T1 =Max~m,~n ~m · T~n.
By changing integration variable to ~m′ = U ~m and
putting ~λ′ = V ~λ, since dΩ(~m) is a rotationally invari-
ant measure, we have:
(EQ, ENS) =
4π
3
∑
~λ
p~λ
∫
Ω
IA(~m,~λ)(~m · Σ~λ)dΩ(~m),
(26)
where we have dropped the primes.
To estimate the above we can first calculate the max-
imum length of the projection of IA(~m,~λ) on a three
dimensional subspace of L2(Ω), spanned by the compo-
nents of ~m, that is by functions m1 = sin θm cosφm,
m2 = sin θm sinφm, and m3 = cos θm. We shall denote
this subspace as S(3).
As any vector ~v is equal to its length (norm) ||~v|| times
the unit directional vector associated with it, ~v/||~v||, the
projection of IA(~m,~λ), denoted here as I
||
A(~m,
~λ) can be
always put in the following form
I
||
A(~m,
~λ) = ||I ||A(~λ)||u(~m,~λ), (27)
where u(~m,~λ) is a unit vector (normalized function) in
S(3), and ||I ||A(~λ)|| is the norm of the projection of IA into
S(3). The maximal possible value of the norm in turn can
be given by
M =Max
IA,u(~λ)
(IA, u(~λ)), (28)
where the scalar product in L2(Ω) is defined
(IA, u(~λ)) =
∫
Ω
IA(~m,~λ)u(~m,~λ)dΩ(~m).
5Any u(~λ) can be put as
√
3
4π
(sinα~λ cosβ~λm1 + sinα~λ sinβ~λm2 + cosβ~λm3)
where α~λ and β~λ are some angles defining a unit 3 di-
mensional vector ~w~λ in R
3, given by
(sinα~λ cosβ~λ, sinα~λ sinβ~λ, cosβ~λ).
Therefore we have u(~m,~λ) =
√
3
4π ~w~λ · ~m. Thus the value
of (28) is given by maximum possible value of
√
3
4π
∫
Ω
IA(~m,~λ)~w~λ · ~mdΩ(~m). (29)
Note that −1 ≤ IA(~m,~λ) ≤ 1.When estimating the inte-
gral integral it optimal to the zˆ direction of the spherical
coordinates as zˆ = ~w~λ. With these two properties in
mind one sees that the value of integral in expression
(29) is maximally
∫
Ω
| cos θm|dΩ(~m) = 2π. Thus we have
M =
√
3π = Max||I ||A(~λ)||.
Now inserting I
||
A(~m,
~λ), instead of IA(~m,
~λ) into (26)
and next replacing it by M
√
3
4π ~w~λ · ~m one can estimate
the integral in (26) as bounded by
√
3π
√
4π
3
Max~λ,~w~λ
∫
Ω
(~wλ · ~m)(~m · Σ~λ)dΩ(~m), (30)
which, using the same integration methods as before to
reach (23) can be simplified to
2π
(
4π
3
)
Max~λ,~w~λ
~w~λ · Σ~λ =
8π2
3
T1. (31)
This ends our estimate of the maximal value of
(EQ, ENS).
We have a Bell-like inequality
(EQ, ENS) ≤ 8π
2
3
T1. (32)
It is linear with respect to ENS , and is defined by a con-
tinuous set of coefficients given by the values of the cor-
relation function EQ. Note that it has an interesting
feature, that if we replace ENS by EQ it becomes non-
linear.
The final step is to calculate ||EQ||2 = (EQ, EQ). Using
orthogonality relation (22) we obtain
(EQ, EQ) =
16π2
9
3∑
j,k=1
T 2jk. (33)
Hence, the state is steerable if T1 <
2
3‖T ‖2, where ‖T ‖2 =∑3
j,k=1 T
2
jk.
Note that similar condition for non existence of lo-
cal causal models, which was shown in [10], reads
T1 <
(
2
3
)2 ||T ||2, because |(EQ, ELHV )| ≤ (2π)2T1, where
ELHV is a correlation function modelable by local hidden
variables. Note that local hidden states give a bound to
the scalar product which is by a factor of 23 lower than
in the case of local causality. Note further, that a condi-
tion, of a similar type, for entanglement, which employs
the same scalar product, reads T1 < ‖T ‖2, see [11]. Thus
each step towards the condition for entanglement changes
the coefficient in front of ‖T ‖2 by 32 .
III. EXAMPLES
A. Werner states
The mixtures of the singlet |ψ−〉 = 1√
2
(|01〉−|10〉) with
white noise of the form:
̺wv = v|ψ−〉〈ψ−|+ (1 − v)
1
4
. (34)
are known to be entangled if and only if v > 13 , and they
violate the CHSH inequality when v > 1√
2
. The condition
for their steerability has been shown in Ref. [2] and reads
v > 12 . Here we can use Theorem 1 to easily detect the
steerability of ̺wv . Simply the correlation tensor T of ̺
w
v ,
in its Schmidt form[15], is a diagonal matrix with entries
−v(1, 1, 1), and T1 = v. So a simple algebra recovers the
threshold of v = 12 .
B. Pure non-maximally entangled state with noise
Consider a general pure state |ψα〉 in Schmidt decom-
position cos α2 |00〉 + sin α2 |11〉, with 0 ≤ α ≤ π. To get
a direct comparison with the singlet studied above, let
us transform it into: sin α2 |01〉 − cos α2 |10〉. The cor-
relation tensor is then diagonal with T33 = −1, and
T22 = T11 = − sinα. If one considers ”white noise”
admixtures like (34), with |ψ−〉 replaced by |ψα〉, then
T1 = v and ||T ||2 = v2(1 + 2 sin2 α). Therefore the suffi-
cient condition for steering reads
v ≥ 3
2(1 + 2 sin2 α)
. (35)
Thus the noisy generalized Werner state allows for steer-
ing for α > π6 .
IV. FINAL REMARKS
Note that by using a weight function in the definition
of the scalar product and thus also of the norm, one can
derive an infinite number of conditions of a similar kind.
6To be more specific, one can always use a weight w(~m,~n),
to redefine the scalar product
(f, g)w =
∫
Ω×Ω
f(~m,~n)g(~m,~n)w(~m,~n)dΩ(~m)dΩ(~n).
(36)
The weight must give for any f
(f, f)w =
∫
Ω×Ω
f(~m,~n)f(~m,~n)w(~m,~n)dΩ(~m)dΩ(~n) ≥ 0.
(37)
In this way one can get an infinite family of conditions,
much like the conditions for entanglement of Ref. [11].
By finding an optimal w for a given state one can get
steering conditions which can be better than the ones
presented here. A further generalization of such an ap-
proach may additionally involve single particle measure-
ments, e.g. the averages
EQ(~m) = Tr
(
~m · ~σ ⊗ 1 · ~σ̺(12)). (38)
This will be studied in a forthcoming publication.
Finally, we would like to mention that conditions, of a
different kind, for steering, which employ the correlation
tensor, were independently derived in Ref. [14].
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